Assume that y 2 = x 3 + 8px is an elliptic curve where p is a prime of the form p = u 8 +24u 4 v 4 +16v 8 that is a result of Spearman's treatment ([3]). Then we consider the rank of this curve.
Introduction
In [3] , Spearman treated rank of an elliptic curve y 2 = x 3 − 2px where p is a prime such that 2p = (u 2 And the form what he considered was y 2 = x 3 − 2px. Thus the curve E 8p : y 2 = x 3 + 8px is just used for computing the rank of y 2 = x 3 − 2px. Practically, it is not widely used because the range of rank of E 8p is same to that of E 2p . Hence, it doesn't feel the need seriously to treat the rank of another elliptic curve. But in this paper, we consider the rank of this curve y 2 = x 3 + 8px where p is an odd prime such that p ≡ 1(mod 8) and p = u 8 + 24u 4 v 4 + 16v 8 . Before calculating the rank, we have to treat several notations which are in [2] .
Put E as an elliptic curve y 2 = x 3 + ax 2 + bx and suppose that Γ is the set of rational points on E then, it is a finitely generated abelian group by M ordell s theorem. Furthermore, it is isomorphic to E tors (Q) ⊕ Z r . Here, E tors (Q) denotes a torsion subgroup and r is the M ordell-W eil rank. Assume that Q × is the set of nonzero rational numbers then, this is a multiplicative group. And Q ×2 is the subgroup of squares of elements of Q × . Let α be a homomorphism from Γ to Q × /Q ×2 that satisfies the following condition:
In the above, O is infinity point and x = 0. For Γ, we call that In the next step, we must treat the curve of the form E :
. Suppose that Γ is the set of rational points on E. Let α be a homomorphism from Γ to Q × /Q ×2 which satisfies the following:
In the above, O is infinity point and x is nonzero. Now for Γ, let holds where r is the rank of an elliptic curve E.
Considering the Rank
Now, we compute the rank of an elliptic curve y 2 = x 3 + 8px where p is a prime of the form p ≡ 1(mod 8) and p = u 8 + 24u 4 v 4 + 16v 8 with integers u and v and (u, v) = 1 which were induced from Spearman's result( [3] ) by the method in [2] . In the following theorem, we denote rank(E 8p (Q)) as the rank of an elliptic curve E 8p : y 2 = x 3 + 8px. with integers u and v and (u, v) = 1 then, we conclude that rank(E 8p (Q)) = 3.
Proof
The values α(P ) in 1) are α(P ) = 1, 8k + 1(mod Q ×2 ) and these were defined already in previous section, thus we can omit to check the solvability of 1) .
Two relating equations 2) and 3) cannot take a solution since reducing these by 4 leads to 2)0 ≡ N 2 ≡ 2M 4 ≡ 2(mod 4) and 3)0 ≡ N 2 ≡ 2e 4 ≡ 2(mod 4) respectively and both right and left hand sides do not match and hence a contradiction happens.
In case of 4), the right hand side is 8M ). Henceforth, we face that #α(Γ) = 4. Now from E 8p , E 8p is the curve y 2 = x 3 − 32(8k + 1)x and thus there exist several relating equations for Γ as follows:
The values α(P ) in relating equation 1) are α(P ) = 1, −32(8k + 1) ≡ 1, −2(8k + 1)(mod Q ×2 ). But it were defined already in the previous and so we need not to investigate the solvability of 1).
After reducing relating equations from 2) to 4) by 4, we get the relations as 2)1 ≡ N 2 ≡ −M 4 ≡ 3M 4 ≡ 3(mod 4) and 3), 4)0 ≡ N 2 ≡ 2M 4 ≡ 2(mod 4). Since both left and right hand sides don't match in these calculations, we cannot find a solution in these relating equations.
Using 32 in reducing relating equation 5) then, we meet that 0, 4, 16 ≡ N 2 ≡ 4M 4 − 8e 4 ≡ 4M 4 + 24e 4 ≡ 4 + 24 = 28(mod 32). Thereby, we arrive at a contradiction and so possessing a solution is impossible in this equation.
In relating equation 6), there is a coefficient 8(
8 of e 4 in right hand side. This is not a form of square of variables u and v. Thus the important thing is finding the value M . In detail, the form −4M
4 is considerable thing. Since the degree of 8u 8 + 192u 4 v 4 + 128v 8 is 8 for u and for v, when replacing the polynomial of u and v into M , its degree should be 2 for both u and v. And in determining the value M , we don't have to consider the term u 4 v 4 since the symbol of 192u 4 v 4 is positive and that of −4M
4 is negative and so we can guess that there will be emerged the term u 4 v 4 from computation of −4M 4 with 192u 4 v 4 without choosing a term u 4 v 4 . Now coefficients of M 4 and e 4 are both even in equation 6), thus the value M should be an odd. In detail, if we guess that the value M will be expressed as a sum of term of u s and that of v s then, the parity of term of u and that of v must
